
 

EE 274 Lecture 3
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Kraft's inequality
Entropy
Fundamental limit on lossless compression



Announcements

IT Forum this Friday
10 6 23 2pm Packaod 202

Jouni siren UCSC on genomic
compression

Code snippets on website

SCL tutorial
y Quick Tour

HW I







Quiz

we'll come back in a bit



Last Time

Prefix Codes

Binary Tree Representation

Good code LG I 1092 pta
Shannon code

LG flog 4,7 A
YYB

IN



Kraft's inequality

Codewoods on leaves of binary
I toee

Prefix Code

I
lengths satisfy Koaft's

inequality



Kraft's inequality
Given a prefix code with
codeword lengths la la lk

É 2 lie 1

Conversely Given integers l he I

satisfying É 2 list

there exists a prefix code with lengths

la LK



Proof of converse

If Ezzli 1 you can

use the same code construction

as Shannon codes check the proof

to get a prefix code with lengths
hi lk



Proof of forward past sketch

Let lmax maxth lk

Imax li

f

t
ith codeword
at depth Imax

É
I

I

and

Descendants of

i j do NOT
overlap

seem
see.at

5
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Quiz
Q1 X LA B C DEY

a q.EE tm
gB 0.25 2 01

C o 25 2 10

D O 13 3 110
E or 4 1110

1 2 EU
0 25 2 0 25 2 0.25 2

O 13 3 0 12 9

2.37 bits symbol



Quiz

BE.gl Itopted
B 0.25 2

C 0.25 2

D O 13 3

E or 4

Kraft sum EL
li 3 EE.tt

It

I



Quiz

qq.ge
ItmkdfBeggec

de

B 0.25

C 0.25 10

D O 13 3 11 I
g

2

3 1 10

ELAD 2.25 2.37

Kraft sum
3 12

2 12

3 I Equalfy



Quiz

2 Prefix free

21 2.2 23

A 00 001 001

B 01 01 1 01 00K

C 10 100 10
D 11 111
E IIE 110 1lb
NO YES NO

Kraft sum Xhtz
1 48 1 58 3 8 1



Moving on

Define information theoretic

quantities

Precisely characterize
the

best prefix code

Justify thumb rule
la gate



Entropy
Let X hi K Pé PCx é

Entropy H x Est log.pt bits

TÉx is really HCP

2 HEX Elogate
Epi's ai

3 12 0 DEFINE P10924 0



Examplet

Uniform distribution

X Un if hi k

PG i ti

H x É log log k

X Ber k Un if Ko I

H x log 2 1 bit



Examples

IPIk flog Yt logyB Ya
C 8
D Yg flog YgX2

T.ba tzxlttxz
A I tx

3 8 3

BTW It 83 4
s



P.iq IItt

O E HA E log K
T T

when when

X is deterministic X is uniformly
distributed

p
Ix logat O

P
K x XlogzYy 192k



What does entropy mean

Uncertaintylrandomnest

Amount of information contained

How much you
can compress

Sampling from distributions

Answer to many puzzles



I.IT EI

ndta.iabieHCx

Xa IE fogEyyl Flog tapes
Elogate E lg fay
HADTHEY



Jintentoskyofindependentate
Xz independent HEX X2 HEX tHCxz

Foo iid independent and identically distributed

X Hi Xz Xn X
X

distributed as

HAD E Hai n HEX

For non iid we'll come back later



IYg.gggIjdiveosen
q 19,92 g

be probability distributions on

X Lt KY

Then

Delta EYE log Pig

Examples in Quiz



Eelativeento.by KL diveogence

Property De ply 70

with equality iff if only if

p q

Poof Lecture notes convexity



Eelativeento.by KL diveogence

Measure of distance between

boobability distributions
in general

Not symmetric Dalla DCulp

Comes up in ML generative models

loss functions

Comes up in compression



MainResultoflosslesscompression

1 For every prefix code

ECG 7 HEX

Lower bound converse

2 Can achieve EX Hex

can get arbitrarily close

with prefix codes

Achievability



of lossless compression

Same result applies to class of

uniquely
decodable codes HW

Next several lectures

algorithms to achieve entropy efficiently
All this assumes i i d We'll study
more general distributions

in Lec 8 10



Poof.ca I1YfTtnanentoopy
Let X H prefix code with

lengths Ci la old
To show

EI Pili H p

Let q C2
hi
where c e I

C

Note Éq CEE 1

So C g is also a distribution



Proofofconversenow
Deftly 0

So É Pi loaf 70 the

I trilogy ftp.logutq
t

HA K factE p log e 3 Hal pef of HdRHS

E cxDIEIPilijEFtiEEtlog.c Hd



Proofofconverses
Ed Et Pili Eskil Etilogic Hd

c 1 by Kraft's inequality

Thus Elix HEX

Equality when c 1 Peg BEgtoiffpg

Pi 2 too lighlightule

What does c I signify Kraft's Egithality



Kraft's no P
pox

FY A 118

A B 118

B YY C Ya
C D D Yz

Ez ti 1 li 109 Yp



If Li log Yp

2
hi

2
to Ye

5 1 I I

É bi I

Kraft's ul equality



Achievability
Shannon codes IG fog d
Flex EiPili É bi Ti get

Use XE Tx att

ERA É it 109 Fa ti

É Pilogupta Eiti
H X I C

H G E IE LG HAS I



Achievability
Shannon codes IG fog d

ELAD HE 1

Shannon code is within I bit ofentropy

Special case Dyadic distributions
probabilities powersof2

like Ya Y etc

EX HEX



Achievability

Shannon codes EG HA 1
Shannon

Not quite arbitrarily close

Example Unif 41.2.34

H x 10923 1 58 bits

Shannon code ELM ZIT Toga

Bound Hex 1 2 58 14 3 1
2

Overhead E 257



Iii

tT

12 1

d
Hex 158 bits e 2

3 33 43I

Ébits



Achievabilitynotquitethereyet
Shannon code often suboptimal

Huffman code

Even optimal code sometimes far
from entropy

Block codes
Arithmetic codes
ANS codes



B
E

d

g mIgi
H X NH X

H x s Eden HAD I

n Hex E ELEM AH G 1

HCE FLI C HLN In
Within n of entropy



Thank You


